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Abstract

The current paper presents an innovative Digital Computing Model using
Geometric Series and its Formulae (GSF). The generic computing model and
GSF are mostly used in various scientific research fields such as information
& communication technology, digital signal processing, engineering,
medicine, bioinformatics, etc. particularly in computing model that performs
infinitely many computational steps in finite time. In the research study, a
generalized theorem, which is named as a generic digital computing-geometric
series model, has been introduced and analyzed with key applications. The
generalized theorem has been derived from the basic equation x =y, where x
or y denotes a power of two. The digital computing-geometric series model
will be very useful for researchers working on science and engineering fields
for finding solutions to the real world complex problems.

Keywords: computing model, digital technology, geometric series ant its
formulae, medicine, digital number systems.

Introduction

The base-2 system is a binary number system in which each binary number represents
adigital number consisting of the digits 0's and/or 1's. Similarly, the base-10 system
is a decimal number system in which each number designates a digital number
consisting of the digits 0’'s, 1's, 2's, - - -, 8's, and/or 9's. In general, many number
systems are in use in digital technology. The most common number systems are the
binary, octal, decimal, and hexadecima systems. The decimal and binary number
systems are the most familiar to us because the decima numbers are used in high-
level computing programs (or user-level computing programs) and the binary
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numbers are used in low-level programs (or machine-level programs). In digita
systems the information that is being processed is usually presented in binary form.
Nowadays, the geometric series play a key role in digital number system, for
example, converting a base-2 number into a base-10 number. Traditionally, geometric
series have played a vita role in the early development of calculus, but today, the
geometric series have many key applications in information and communication
technology, signal processing, engineering, medicine, bioinformatics, etc. In the
present study, a generalized theorem, which is named as a generic digital computing-
geometric series model, will be introduced and analyzed with key applications.

General Form of GSF (Geometric Seriesand its Formulae)

Traditionally, geometric series played a key role in the early development of calculus,
but today, the geometric series have many key applications in medicine,
computational biology, informatics, etc.

In general, a geometric series is the sum of the terms of the geometric sequence:

a,a ,a ?,a ¥, .. ,ar "

Now, the sum of the geometric sequence of n terms is denoted by

n-1 X
S = ¥ a '=a+a + a >+ a *+ . 4+ a "°?
ji=o

where s denotesthe sum, a thefirstterm, r theratio, and n the number
of terms.

rS = a +a >+ a >+ - +a "+ oa ".

whenr > 1 ,

(r-1)S=a(r"-1)=> S =

and

When(_1<r<l)0r(ll’ < 1 ),

a(l-r") = S:M,Wherer # 1

1-r)Ss = 1-1)

T a = —2  (r < 1)

i=o0 (L - r)

n-1 .

T rl =14+ r+r%+ 0%+ 4+ 1" In the geometric

j=0
series, the first term showsa= 1.

Then ¥ i = 1  \when | r |< 1
iz o

(L - r)



Computational Geometric Series Model with Key Applications 487

Geometric Seriesin Digital Numbers
The geometric seriesis very useful for converting a binary number into a decimal
number.

n n

zzi- Zl—j:ﬂlll S eimt mmn (-NSi<0&1<j<n)

J

;%-;%=.~.11111 emqnqg . 0(C e <P 0& 1< j< o)

Examples

05> zli ) 21_1 — 100111011 * 1001101101 ;
(i=—;3,—5,—4i,—3,—1,0& j =1,4,5,7,8,10 )

(if) zzl—iozzl—jzloooooom 10000001 (i =-808& j=18)

]

The positions of 0's need not be included for i and |

Applications of Geometric Seriesand its Formulae
The Use of GSF in Medicine Dosage
In this section, we discuss about the effective medicine dosage using Geometric
Series and its Formulae (GSF). Let us consider a patient is given the same dose of a
medicine at equally spaced time intervals. The dose concentration in the bloodstream
decreases as the drug is broken down by the body. However, it does not disappear
completely before the next dose is given. Let us understand the exponential decay
model [1] for the concentration of adrug in a patient’s bloodstream. It is assumed that
the drug is administered intravenously and that the concentration of the drug in the
bloodstream jumps almost immediately to its highest level, i.e. the concentration of
the drug decays exponentially.

Leto () beafunction of variable't’. Now, we use the function o () to

represent a dose concentration at timet and Q , to represent the concentration just
after the dose is administered intravenously. Then the exponential decay model [1] is
formulated by

Q (1) = Q4 —5—= Q o "

where k is the decay constant or a property of the particular drug being used. The
above model was fitted by experimental data[1].

Now, let us consider that Q (t) be the first dose concentration at time t and
that Q , the concentration at time t = O just after the first dose is administered
intravenously. Suppose that at t = ¢, a second dose of the drug is given to the patient.
The concentration of the drug in the bloodstream jumps almost immediately to its
highest level Q (¢ ) and then the concentration is diffused so rapidly throughout
the bloodstream over time (Fig.1).
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& (2)
[

Figure 1. Dose consideration.

For example, a patient is injected a particular drug. Just after the drug is injected,
the concentration is 1.5 mg/ml (milligrams per milliliter). After four hours the
concentration has dropped to 0.25 mg/ ml.

Here, Q (4) = 0.25 at=4andqg , = 1 .5 at=0

S, Q(t) = Q,e ™ = 0.25 =1.5e **

To find k, Maple commands were used [1].

Result: k = 0.4479398673.

A problem facing physicians is the fact that for most drugs, there is a
concentration, m , below which the drug is ineffective and a concentration, m
above which the drug is dangerous. Thus, the concentration @ (t ) must satisfy the

condition: m < Q (t) < M . For example, suppose that for the drug in the

experiment the maximum safe concentration is 5 mg/ml, or M=5, and the minimum
effective concentration is 0.6 mg/ml, or m=0.6. Then theinitial dose must not produce
aconcentration greater than 5 mg/ml.

The expresson Q (t) = Q ,e " isvalid as long as only a single dose is
given. However, suppose that, at t = ¢, a second dose is given and that the amount of

the drug administered is the same as the first dose. According to the exponential
decay model, the concentration will jump immediately by an amount equal to @ |

when the second dose is given. However, when the second dose is given, thereis still
some of the drug in the bloodstream remaining from the first dose. This means that to
compute the concentration just after the second dose, we have to add the value Q |

to the concentration remaining from the first dose (Fig.1). During the time between
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the second and third doses, the concentration decays exponentially from this value. To
find the concentration after the third dose, the same process must be repeated.

At t = c, the dose concentration iscalculatedas Q (¢ ") = Q ,e * just
before the second dose is administered intravenoudly.
Here, Q (¢ ) = [Iim S Q (t) -

When the second dose is administered intravenously, the concentration jumps by
anincrement Q , , i.e. the concentration just after the second dose given is

Q(c™)=Qo+Q(c )=Qe+Qee ™ =Q,0+e*).

Note that Q (C ~ ) denotes ‘just before the new dose is administered’ and
Q (¢ ") denotes'just after the new doseis administrated’.
The concentration then decays from this value according to the exponential decay

rule [4], but with a slight twist. The twist is that the initial concentrationisat t = c,
instead of t = 0. One way to handle this is to write the exponential term as

-k(t-c . . .
e (t-c) so that at t = ¢, the exponent is 0. If we do this, then we can write the
concentration as afunction of time as

Q (t) = Q0(1+ ek )e—k(t—c)

This function is only valid after the second dose is administered and before the
third doseisgiven. Thatis,for c < t < 2 c.

Now, suppose that a third dose of the drug is given at t = 2c. The concentration
just before the third dose isgivenwouldbe Q (2 € ™ ) ,whichis

Q(2c¢ )=Q(c )e ™ =Q,l+e * )~
ie,Q(2c ) =Q,(e " + e ?*)

When the third dose is given, the concentration would jump again by Q , and
the concentration just after the third dose would be

Q(2c*)=Q, +Q(2c™) = Q0(1+ e 4 e’“C)

Now, suppose that a forth dose of the drug is given at t = 3c. The concentration
just before the forth doseisgivenwouldbeg (3 ¢ - ) ,whichis

Q(3c )=Q (2c+)e * =Q, (e " + e 2¢ 4 g k)
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When the third dose is given, the concentration would jump again by Q o and
the concentration just after the third dose would be

Q(3¢")=Q,+Q(3c ) =Q,l+e ™ +e?* +e3)

Let us consider the process is continued up to n-th dose,

n — doses
—_

ie01,2.3.--- n -1

The concentration just before the n-th dose of the drug would be

Q((n-1)c )= Q, s e )

j=1

The concentration just after the n-th dose of the drug would be

Q((n—l)c*)onr;E;;e"kc 2
- ke

Let ' = € 3

Notethat O < I < 1 | sincek and c are both positive constants.

From the geometric series ( 1) and (2) , we formulate as

Q(n-1)c )=0Q, x e =Qo(¥j “)

j=

and
QUUn-1c")=Q,+Q(n-1)c")=Q, X

=1
I

e i Q(l_j (5)

The equations (4) and (5) are formulae for the partial sum of a geometric series.

Suppose a treatment for a patient is continued indefinitely. Then the equation (5)
becomes

Q«n—l)c+)=Lignmqo(ll‘_rrn}cgo[ﬁj ¢ 0<r<1).

Now, we conclude from the results that the minimum concentration is the
concentration just before the second dose is given,
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e Q n = Qor

and that the maximum concentration is the concentration just after the last doseis
given, i.e

Qo
O = [ 12

Geometric Seriesin Digital Signal Processing (DSP)
In digital signal processing [5], theratio I' in the geometric series is often a complex

ig
exponential variable of the form e' , wherei = /—1 . On the complex plane

i6
(Fig.2), e becomes a unit vector at angle 6 measured counterclockwise from the

positive real axis. Let N be the number of partitions in the complex plane. Then 0 =

2 ) 2z (27
N—ande"’ = e N jetheraior = e N andthefirstelement a

1 (refer to the section 1.1 Genera Form of GSF (Geometric Series and Formulae).

Q0

120 [ 0

30

. \
180 |« > 0

320

210

240 300

270

Figure 2: Complex plane.

Now, »o-» w2ee 1 - e'?r (e?r =e®=1) (6)

Thisexpression in digital signal processing is simplified using the geometric
series.
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Digital Computing-Geometric Series M odel

Definition: Digital Computing-Geometric Series (DCGS)

Digital computing-geometric series is defined as a geometric series composed of
finite or infinite number of elements (or terms). Here, each term (or eement)

designates a multiple of 2 or 1 and the number 2 is the base to the digital numbers
2

consisting of thedigitsO'sand 1's.

Generalized Theorem

s 21 — - x - 21“ is derived from the equation x =y, where
j=i

X = zlk ,i=k+1(keZ, set of integers).

Pr oof

Giventhatke Z,i.e,k=----5-4,-3,-2,-1,0,1,2,3,4,5,- - -.

1 1 1 1 1 1 1 1 1
127427370 gl g2 g3 g

ie,x=---16,84,21+ 1 1 1 __.

24816

The following table (refer to Table 1.) and Lemma 1, Lemma 2, Lemma 3, and
Lemma 4, depict with systematic way or agorithmic approach for proving the
generalized theorem, which is designates as a generic digital computing-geometric
series model ( or smply, digital computing-geometric series model).

Here, x = - -

Table 1: Algorithmic approach for proving the above theorem.

X:yzzl—k K | x- Zln kK+1=i =i
16=16= = 4 16- — 4+1=-3 3
8:8:21_3 3 8- Zln 3+1=-2 2
4=4=1 2 4- 2+1=-1 1
2=2=_L, 1 2- - 1+1=0 0
1:1:210 0 1- Zln 0+1=1 1
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1_:1_: 12 2 1—- 1n 2+1=3
4 4 2 4 2
:I'_::I'_:i3 3 1_- 1n 3+1=4 4
8 8 2 8 2
1:1:14 4 1 1n 441=5 5
16 16 2 16 2
Lemmal
1, 1
~ i o n isderived from the equation 2 = 2.
j=0 2/ 2
Proof
X=y=2=2
2=2= 2=1+1
= 2 =1+ 1—+ 1
2 2

= 2=1+£+%+i

4
The expression (7) with finite number of terms can be expanded further, i.e.,

1 1 1 1 1 1 1
= 2=1+ —+—+ —+ —+ + +

2 4 8 16 32 ©64 o4
Using expression (8), the following geometric series can be formulated:

1 1 1 1 1 1
2:1+_+_2+_3+_4+ ...... 4+ —
2 2 2 2 2" 2"
SN S N D S S SR L1
2 22 2° 2"
no1 1
X=y=> X —= 2 -
j=0 2! 2"
s 1 _,_ 1
=02/ 2"

Similarly, we can get the result (9) using generalized theorem:

1
Here, x =y =2,i.e. X = > T
Thenk:-l,andi:k+1:0('.- X = = _ - 1_1j
2 2
By substituting the values of x, k, and i in the equation

y L. 1k R , We can get
=i 2/ 2 2 "

(1)

(8)

(9)
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n 1 1 1 1
_ = 2 _
j=0 21 2—1 2n 2n
Lemma?2
5 21_] -1 - 21_ is derived from the equation 1 = 1.
i=1 n
Proof
. . 1
Itisgiventhatx =y =1,i.e. X = >0
. 1 1
Thenk=0andi=k+1=1| .+ X = > ¥ = >0
Now,x=y=1=1
1 1
= 1 = —+ —
2 2
o1 1,11 (10)
2 4 4

= 1= -4+ -4+ =+ —+ + + (11)
2 4 8 16 32 64 64

1 1 1 1 1 1
1:— —2+—3 _4+ ...... +_n+_n
2 2 2 2 2 2
1 1 1 1 1
> 1- ="+ —F+ 5+ + —
2 2 2 2 2
X = y:> an__:l_ 1
=12} 2"
ie,l1=1= an—.=1— 1 (12
j=12 2"

Similarly, we can have the result (12) using generalized theorem:

. 1

Here, x=y=11.e. X = >0
1 1

Thenk:O,andi:k+1:1('.° X = — = OJ
2 2

By substituting the values of x, k, and i in the generic equation

y L - t 1 , We can get

i=i 2 J 2 k 2 n

Z” 1 _ 1 3 1 _ 1 - 1

j=1 2 2 0 2 N 2 0
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0 1 . : .
> > T = 2 "*' — 1 isderived from the equation 2™ = 2™,
j=-n
Proof
x:y:> 2n+1: 2n+1
= 2"t = 2" 4+ 2"t 4 2" 7 4 0 4 2% 4+ 24+ 2% 4 2°
= 2"*tP -1 = 2" 4+ 2"t 4 2" 4 . 4 22 4+ 2" 4+1
0
y - 20t (13)
i=-n 2/

Similarly, we can have the result (13) using generalized theorem:
i1 1 1

Here, x =y=2"%ie x = ok T 5 -(nri)

Thenk =-(n+1),andi=k+1=-n-1+1=-n.

By substituting the values of x, k, and i in the equation

s . _ 1 _ 1  wecanhave
i=i2 2k 2"
° 1 _ 1 1 _ n+1
.-:angi = D - e 2 -1 (14)
Lemma4
5 1_ -1 1 isderivedfromtheequationl_: 1
j=n+121 2n 22n 2n 2n
Proof
X =Y = t _ 1
2" 2"
1 1 1 1 1 1
= 2N - 2n+1 + 2n+2 o F 2n+(n—1) + 22n + 22n
1 1 1 1 1 1
= 2n - 22n = 2n+1 + 2n+2 T o + 2n+(n—1) + 22n
2n 1 1 1
) — = - 15
j=n+1 2 1 2N 2 2n (15)
Similarly, we can have the result (15) using generalized theorem:
Here 1 e X = 1 . !
y X = Yy = 2_n , 1.EG 2 K 2 n

Thenk=n,andi=k+1=n+1

By substituting the values of x, k, and i in the equation
s + _ 1 1 \wecanhave

i 2 2 X 2 "

;: 1 1 1

+12j 2n 22n

i
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From Table 1 and by Lemma 1, Lemma2, Lemma 3, and Lemma 4, we conclude

. no 1 1 . . .
that the generalized theorem X 5T = X — o Is derived from the equation x
j=i

=y,where x = 21 ,i=k+1(keZ, setof integers).

k

I nfinite Geometric Series M odel

Now, it isunderstood that ¥y 1 _ , _ _1 isderived from the equationx =y,
izi2 ] 27"
where x = 21—" ,i=k+1(keZ, setof integers).
Next, generic infinite geometric seriesis formed:
In the generalized theorem, x is a constant for each geometric series.
Let x =c.

Then, v X - o _ 1 foreachi,
=i 2 J 2 n
wherei=----,-3,-2,-1,0,1,2,3,4,-- - -.
s 1 — im y 1
j=1i 2 1 n > o« i=i 2 |
. 1
- m (e )
= lim c — lim 1n ( lim . Oj
n oo n oo 2 n oo n
=c-0
= 1
ThUS, y — = ¢
=i 21
Wherec:---,16,8,4,2,1,1_,1_,1_,1_,___,
2 4 8 16
Example
. 1
Letx=y=2,i.e. X = 5
. 1 1
Thenk:-l,and|:k+1:0('.' X = 5 K = 2_1j
Then > -1 — im y 1
j=0 2 ! n- o j=0 2 |
o 1 _ _
- m (2 - FA) € e = X >
= lim 2 - lim -
n > o n > oo 2
=2-0
o 1
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Digital Number Systemswith Geometric Series
The geometric series play a key role in digital number systems in converting a base-2
number into a base-10 number.

Non-Fractional Numbers

n n-1n-2 2 1 0
1 1 1 .+ 111 isabinary number and its positions of the digits are
n, n-1, n-2, - - -, 2, 1, 0. The geometric series corresponding to the binary number
111---111is
2" + 2" P4 2" 4 4 2% 4 20 4 20
(OR)
1 1 1 1 1 1 0 1
o - n + 2 —(n-1) + 2 ~(n-2) + ot 2 -2 + 2 -1 + 2 0 - jg‘_nz_j
i.e,
12021_12 1+ 2+ 4+ 8+ 16 + - + 20720 4 (-1 4 20
From the equation (14), we get
20 S
j=-n 2
Thus, the decimal number corresponding to the binary number
n n-1n-2 2 1 0
11 1 - 111 is2"*" -1 (17)

Fractional Number

0 « 111 . "1°"1"1 isafractiona binary number and its positions of
the digits (except the digit O before the dot in the fractional binary number) are 1, 2, 3,
- - -, n-2, n-1, n. The geometric series corresponding to the fractional binary number

0.111---111is

1 1 1 1 1 1 noo1
O. 21+ 22+ 23+ + 2n—2+ 2n,1+ 2“ ZO.J2:12_J
no 1 1
Oe X —=0e1-
=12/ 2"
Thus, the fractional decimal number corresponding to the fractional binary

number 0 ¢ 111 --- 111 isO e 1 —

(18)

n

By summing the equations (17) and (18), we see that the decimal number

corresponding to the binary number
nn-1n-2 210 123 n-1n 1

11 1 - 111e¢111-+ 1 1is2"*' - 1e1 - o
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Performance of Computing Machine
We know that a computing machine performs infinitely many computational stepsin
finite time. Now, let us imagine that the computing machine performs first
computation step in (say) 1 minute, the second step in %2 minute, the third step in %
minute, and so on. By summing the infinite computation steps, we get an infinite
geometric seriessuchas1 + Y%+ Y4+ - - -.

- 1 1 1 1

_ = 1 + —+ +
,Z’:()ZJ 2 2 2 2 *

From the equation (16), we get 5 1 _
7.0 2 ! '

Thus, by summing the infinite computation steps, we see that the machine
performs infinitely many computation steps in atotal of 2 minutes.

Bacterium’s Partition Process
A geometric sequenceis 1, 2, 4, 8, 16, 32, etc. in which each number is obtained by
doubling the previous one. As to biological relevance [2], imagine a single bacterium
that divides into two. These two divides into four, these four into eight, and so on.
After n divisions, there are 2" bacteriaif all survive.

The time taken for a bacterium’s ‘n’ divisions is computed in the following
manner. Let us assume that the first division takes place in (say) 1 second, the second

division in Y2 second, the third divison in ¥ second, - - - | n" division in
1 second. Thetotal timetaken for n divisionsis denoted by
2 n
1+ Loy 12+13+ +1n=an=2—lSE'C
2 2 2 2 j=0 2 J 2"
Conclusion

In the research study, an innovative Digital Computing Model using GSF has been
developed and important applications of GSF such as effective medicine dosage,
digital signa processing, binary-decima conversion, performance of computing
machine, and bacterium’s partition process have been provided in detail. This digital
computing model will be very useful for scientists and researchers for finding
solutions to various complex problems. In the present paper, a generalized theorem,
which is named as a generic digital computing-geometric series model, has been

introduced and proved, i.e. " 1 1 has been derived from
=2 2 "
the equation x =y, where ,  _ 1 ,i=k+1(keZ, setof integers).
2 k
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